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REVIEW
of the PhD doctoral dissertation in Mathematics by Senior Lecturer of the Department of
Computational Sciences and Statistics at Al-Farabi Kazakh National University
(Kazakhstan, Almaty), Zoya Izteleuovna Suleymenova, on the topic:
"On the Asymptotic Behavior of Solutions and Averaging Issues of Certain
Stochastic Parabolic Equations and Systems of Equations"

The dissertation submitted for defense consists of an Introduction, three chapters, a
Conclusion, and a List of References.

In the Introduction, the relevance of the dissertation topic is substantiated, the goal
of the research is formulated, and a brief annotation of the dissertation content by chapters
is provided. The scientific novelty and the main points to be defended are also indicated.

The first chapter of the dissertation is devoted to proving certain versions of non-
classical Central Limit Theorems (CLT) in probability theory.

As is well known, the condition of uniform asymptotic negligibility of the
summands forms the basis of classical (i.e., those not relying on the condition of uniform
infinitesimality of summands) CLTs in probability theory for sums of independent random
variables. It is also widely recognized that in schemes involving the summation of
independent terms, it is often more convenient to deal directly with the distributions
themselves and to formulate the conditions of limit theorems based on distributional
constraints. Since the distributions of random variables are uniquely determined by their
characteristic functions, formulating the conditions of limit theorems in terms of
characteristic functions is of great importance for summation theory. Usually, verifying
these conditions for characteristic functions is a simpler task than verifying the same
conditions for the distributions themselves.

On the other hand, it is also well known that if ¢, &pp, ..., $np, .. is a sequence of
independent random variables, Fpj(x) = P(§,; <x), Sp=&n + &+, F(x) =
P(S, < x), ®(x) is the distribution function of the standard normal random variable, and
L(E,, ®) is the Lévy distance between the distribution functions F, and ®, then the
condition L(F,, ®) = 0 is necessary and sufficient for the validity of the Central Limit
Theorem.

In her dissertation, the applicant takes into account the well-known facts mentioned
above and applies them to solve the problems posed by her academic supervisors. Thus, in
Section 1.1 of Chapter I of the presented dissertation, several versions of non-classical limit
theorems are proved, with the conditions formulated in terms of characteristic functions.
Further, in Section 1.1 of the thesis, we find new Levy distances L(F,, @), that are easy to
verify and ensure convergence to zero, i.e., we find some necessary and sufficient
conditions for the feasibility of the CLT.In the final part of Chapter I, another non-classical
Central Limit Theorem is proved using a direct application of the definition of weak
convergence of distributions, as well as a new version of the classical Lindeberg—Feller
Central Limit Theorem.
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The second chapter of the dissertation is devoted to probabilistic representations of
the solution to the Cauchy problem for (stochastic) parabolic equations and to some of their
applications (such as the study of probabilistic-asymptotic behavior of the solutions,
averaging problems for parabolic equations, and related topics).

It is well known that the solution of the Cauchy problem for parabolic partial
derivative equations is closely related to finding the conditional expectation and joint
distribution of functionals from (related to the initial equation) random processes. But it is
not always possible to find the required distributions of the required functionals by direct
calculations, so one usually resorts to one or another method of finding the required
characteristics. One of such methods is the so-called method of differential equations,
which reduces the problem of finding joint distributions of various functionals from
random processes to the solution (related to these functionals) of partial differential

equations.
Thus, in Section 2.1 of the dissertation, it is shown that the conditional mathematical

t t
expectation u(t,x) = My [CD(Wt)efo glt-sw)aws . oJy  f (t""WS)ds], where W,,t > 0 is a

Wiener process, and M, denotes the operation of taking the conditional expectation over
all paths of W, starting from point x at the initial moment, and where (t,x), g(t,x)and
®(x) are certain sufficiently smooth functions, can be found as the solution to the Cauchy
problem for the following parabolic equation (for t > 0, x € R = (—o0, +0)):

] 9? du(t 1
U _ 100D 4 e, x) 2D 4 [2g2(e, %) + £(8 )] e, 1), u(0, ) = D).

It is further shown that in the special case when f(t,x) = f(x), g(t,x) = g(x), by
applying the Laplace transform, the solution of the equation can be reduced to the solution
of an ordinary differential equation with constant coefficients. As an application, explicit
forms of the distributions of certain specific functionals of the Wiener process are obtained,
and their potential applications are discussed.

In Section 2.1 of Chapter II of the dissertation, the Cauchy problem for a parabolic
equation perturbed by a "white noise"-type process is considered, and the asymptotic
normality of the solution is proved in two ways: first, by representing the solution of the
equation as a conditional mathematical expectation over the trajectories of an appropriate
process, and second, by explicitly computing the stochastic differential associated with the
stochastic integral having a variable upper limit. In Section 2.2 of Chapter II, the
dissertation addresses the averaging problems for stochastic parabolic equations.

Chapter III of the dissertation is devoted to certain specific problems in the theory
of magnetic fields in random media and occupies a special place; one can say that both in
terms of content and obtained results, it is the central chapter of the entire dissertation.

While the process of magnetic field transport in a given fluid flow is fundamentally
clear, the problem of describing turbulent fluid flow is, as is well known, extremely
complex. Therefore, various methods of modeling fluid motion are typically employed.
Previously, the evolution of the magnetic field was studied in different models of
incompressible flow, in particular in the so-called linear renewal model, in which,
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ultimately, the problem under consideration was reduced to the study of the product of
independent random matrices as the number of factors increases.

In Section 3.1 of Chapter III of Z. Suleymenova’s dissertation, the linear renewal
model is generalized in the sense that the problem of the asymptotic behavior of the
solution to the Cauchy problem for the magnetic field equation

a — — — — — — — — — —_
5o H = vmbH — (V,V)H+ (H,v)V, VvH=vV =0, H(0,x)=Ho(x), (1)

is studied within a general Markovian linear model V(t,x) = C(b,)x: where by, t =0
is a Brownian motion on a compact Riemannian manifold K of dimK =v = 3 with a
metric form ds? =3Y.; XV, gidx'dx/, inlocal coordinates x', ..., x" on K, and

do = \/det det g dx is the Riemannian volume element. The infinitesimal operator of the
process bs, s = 0 is the Beltrami—Laplace operator %A, where

v v
1 a
el Y 3 (L))
det det g & < (axz (gu g)

The matrix function C(:): K = SL(v,R), where SL(v,R) is the linear space of
v x v matrices with zero trace, and the functions g;;(x), ¢;j(x) belong to the class C”(K).

In the thesis it is proved that the solution of the magnetic induction equation H(t,x)
in the Markov linear model can be written as an integral from some function depending on
the multiplicative stochastic integral, i.e., from the solution of the system % G, = C(b.)G,,
G, = E (E is a unit matrix).

The main result of Section 3.1 of the dissertation is the proof of a Furstenberg-type
theorem - a theorem establishing the almost sure existence of a strictly positive Lyapunov
exponent for the multiplicative stochastic integral G, = [Tie (E+C(bgds): v =
lim ; [In||G.6,ll/t] > 0 (a.s.).

It should be noted that in the proof of this theorem the results of Hermander's theory
of degenerate elliptic-parabolic differential operators were essentially used, and also the
candidate had to prove a number of complicated (also of independent interest) auxiliary
mathematical statements. The proved Furstenberg-type theorem for the multiplicative
stochastic integral is, in a sense, a generalization of similar results for the product of
unimodular random matrices, in particular, the product of independent or Markov sequence
random matrices. In conclusion of Section 3.1, by means of the proved theorem of the
Furstenberg type, the theorems on the exponential decrease of the magnetic field and the
exponential growth of the total magnetic energy are proved.

Section 3.2 of Chapter III of the dissertation is devoted to the definition and study
of the discrete model of the kinematic dynamo (i.e., the model does not take into account
the inverse effect of the magnetic field on the velocity field and temperature) and to the
proof of the phase transition in the discrete dynamo model by the parameter p (diffusion
coefficient). Note that the inverse quantity 1/p has the sense of temperature, i.e., small p
refers to “hot” systems, and large p to “cold” ones.
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The important astrophysical problem on the generation of the magnetic field H(t, x)
by a turbulent flow of Electrically conducting plasma with a time and space homogeneous
random velocity field V_(f, x) (t >0, x € R3) is reduced to Maxwell's equations (1). It is
assumed that the field V(t,x) has short time correlations (turbulence) and is invariant
;?v;th respect to the orthogonal group 03 of rotations of the three-dimensional phase space

The probabilistic representation of the field H (t,x) in terms of the stochastic
differential equation for x(t) and the multiplicative potential matrix integral V(t,-) along
x(t) yields the equation for the second moment of the field H: m,(t,x) =<
(H(t,x), H(t,x)) >, where the angle brackets <--> denote integration (averaging) over
the velocity field distribution V (¢, x).

In the isotropic & - time correlated field V(t, x) equations for m,(t,x) admits a
full asymptotic analysis and exhibits a phase transition in terms of the v, (magnetic
viscosity) parameter:

There exists tlirg t‘l[ln < (ﬁ (t,x) H(, x)) >] =vy,(v,,) > 0; and there is a

critical value v such that: y,(Vi,) > 0, vy < Ver 5 ¥,(V) = 0, vy = Ve
Furthermore, problem (1) has also been studied in a discrete model.

Discrete model description. The phase space of the model consists of points
(t,x),t €Z, ={0,1,2,..},x €Z> and edges connecting the points (s,x) and
(s —1,x"),|x —x'] < 1. A symmetric wander x(t) with increasing time and transition
probabilities can be defined on this graph

{x(t +1)>x'

x(t) =x

}={1—p,x'=x—g-,|x—x’|=1.

Lagrangian trajectories have the form &(s) =x+x(t—s), s=0, ie. &) =x,
§t—1)=x+x(),.. (the direction of time is changed). The magnetic potential
A((s,y), (s — 1,¥)) is defined on the edges of the graph directed from the point (s,y) to
the point (s — 1,y), |y — ¥’ < 1. Itis assumed that 3 X 3 matrices A((s, y),(s — 1,y’))
are independent for different edges and have a special form Al(s,¥0), (s — 1,ys-1)] =
0,40,[(s,¥s), (s — 1,ys_1)], where orthogonal matrices 0;, 0, are uniformly distributed
on the group 03 of rotations of the space R®, independent among themselves and
independent of the diagonal matrix A = diag{(a,-\-;—a,\/-}—a_) [(s,y5), (s — 1, ys-1)1},
Co = a(-) = 1 are identically distributed random variables defined on the edges of the

graph.
For each Lagrangian trajectory ¢(°) leading from the point (t, x) to the final point

(0,y) of the graph, the expression )
He(t,x) = A[(t, xo), (t — L, xD][(t — 1,%0), (¢ = 2,x)] - -+ A[(1, x¢-1), (0, % = Y)1Ho ()

is defined.
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Here § = (xq, X1, ...,y ) is the Lagrangian trajectory, ﬁo (y, w) is the initial magnetic
- . n
field. The probability of the trajectory £(-) is given by the formula P(§) = (1 — p)™ (%) '

where no(§) =number{s: x; = x,_,}, n,(§) =number{s: |x; = x,_;| = 1}. Finally, for
the total magnetic field of the introduced model, the expression is obtained

H(t,x) = Z Z P(E)He(t, x).
yez3  E(tx)~(0,y)
The final formula can be interpreted as a Kac-Feynman representation of the magnetic field

H(t, x), which is defined by a (difference) parabolic equation
H(t,x) = 1 - p)A(t,x), (t — 1, 0))H({Et —1,%) +

Y A, - L) - 110,

x': |x-x"|=1

Using the representation of the magnetic field H(t,x), Lyapunov exponents were
studied: the moment Lyapunov exponents

— — P
vsp = (A& 0, HE D)) /1], p= 12,..,

and the sample (empirical) exponent 7 = EmZ_l [ln < (Ht,x),Ht,x) >/ t].
It is emphasized that, unlike the scalar case where Y2p = 0and 7 = 0 due to the

maximum principle, in this setting the exponents can be negative. Several preliminary
results are used, and the main result - a Furstenberg-type theorem is proven.

Theorem. Let A4, ..., A,, ... are the independent identically distributed matrices
introduced above, and let ey is a unit vector. Then (a.s):

Ay A |1, 2 1-A

Here A~unif([—1,1]), and a is the previously introduced random variable, independent
of 1.

The computation of higher-order moment Lyapunov exponents is reduced to solving
multiple Schrodinger-type partial differential equations on Z?, p > 1.

In summary, the dissertation represents a completed work, the content of which fully
reflects the topic of the research. The problems addressed in the dissertation are novel and
relevant. Throughout the course of the research, the doctoral candidate demonstrated a high
level of proficiency in mathematical methods, showed scientific independence, and
approached each stage of the work with responsibility, perseverance, and academic
discipline. The statements formulated in the dissertation are mathematically rigorous and
thoroughly proven.

Thus, in terms of the relevance of the problem, the level of execution, scientific
novelty, and practical significance of the research results, the presented dissertation fully
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meets the requirements for a scientific and qualification work at the PhD level. It contains
substantial scientific results that are original and of practical importance. Its author, Zoya
Suleimenqva, fully deserves to be awarded the degree of Doctor of Philosophy (PhD) in
Mathematics.

Stanislav Molchanov, Ph.D., Doctor of Sciences

Professor, Department of Mathematics and Statistics July 21, 2025
Fellow of AMS z

Foreign Adviser of Z. Suleimenova
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Knaiin tapaorra
FBLIIBIM, MaTeMaTHKA ’KIHE CTATHCTHKA KOJJIEIKi

Hikip

on-®apabu atbiHaars Kaszak YATTBIK yHHBepcuTeTiHIH (Ka3akcTal
Pecny6nukacel, AnMmartsl K,.) Ecenrey rpuibIMAapsl XKoHE CTAaTUCTUKA
Ka(belfpaCBIHHH ara OKbITYWEICH CyJielimenoBa 3os M3reneyoBna «Kebip
xe30eticox napabonanvix, meydeynep men meyoeyaep scylienepi uewinoepiniy
acuMnmomuKanvlk 6emanvicmapul sGcane onapObl OPMANAHObLIPY CYPaKmapbl
mypansl» TaKbIpbIOBIHAAFEl MaTeMaTHKa MaMaHABIFbI OOMBIHIIA unocodus
noxtopsl (PhD) FeuTbIME AopesxeciH any YIuiH qaibIHAaTFaH JOKTOPIIBIK
JQUCCepTaLMsAChIHA
ITIKIP

Koprayra yceHbUIFaH aucceprauus — Kipicnegen, yur  Tapayaa,
KopbIThIHABIAAH XoHe IlaiinanaHbLIFaH daebueTTep Ti3iMiHeH Typazsl.

Kipiconeae nucceprauus TaKbIpbIObIHBIH ©3eKTUIIri HEri3ereH, XXYMBICTBIH
MaKcaThl TYKbIPHIMJAJIFaH, Tapaynap OOMBIHINA AHCCEPTALMAIBIK YKYMBICTBIH
Ma3MyHbIHA KbICKAllla aHHOTaLHA 6epinren. CoHnaii-aK FBUIBIMU JKaHAJIBIFBI MEH
KOpFayFra YCHIHBUIATBIH TYKBIPHIM/IAP KOPCETUITEH.

JlHCCepTALMAHBIH GipiHuii mapaybl BIKTHMAIBIKTAP TCOPUACHIHBIR OpTaJIbIK
mekTik TeopemanapsHbH (OLUT) Kei6ip KIacCHKalbIK eMeC HYCKalapblH
JoNeNeyre apHaJIFaH.

KoChUIFBILITapABIH O1pKaJIbIITI IIIeKCi3 a3ablK IAPTHl TAYENCi3 Ke3AeHCOK
maManapAblH KOCBIHABLIAPbI VILiH BIKTHMAJIABIKTAP TEOPHACHIHBIH KIACCHKATBIK
(IFHH, KOCHUIFBIIUTAPABIH GipKaIBINTBl MIEKCI3 a3/bIK IIAPTHIH naiaJaHaThIH )
OLLT-HplH Herizi GONBIN TaOBUIATHIHBI 6enrini. ConbMeH G6ipre, TOyecCi3
KOCBUIFBIIITApAbI KOCY CXEMallaphlH/ia Ko0iHe TikeJIeH OJIapJbIH yiecTipiMaepiMeH
KYMBIC iCTEreH >KSHE EKTIK TeopeMalap/blH IIapTTapblH OCBI yaecripimMaepre
Tikened CyHeHeTIH IICKTEYJIep TypiHAE TYXKbIpbIMAAFaH BIHFaWnel OONambL.
Kesmeiicox ImaManapAblH  YJIECTIpIMACPI onapra COMKEC  CHIMATTaMallbIK
(yHKupMsIap apKBUIBL 6ipMoH/Ii AHBIKTATATEIH/BIKTaH, KOCY TEOPHSICHI YILIIH LIEKTIK
TeopeManapAblH  LIApTTapblH CHUIATTAMAJBIK  (QYHKUHAIAP TePMUHAEPIHAL
TYKBIPBIMZIAY ©TC MaHBI3[bL: O/ICTTC Oy WAPTTapAbl CHIIATTaMaJIbIK yHKLHANAD

YUIiH Tekcepy COJ IIapTTapAbl Tikeneil ymectipiMzep YIIiH TEKCEPreHHCH repl

aHaFypybIM OHail 6oMa/bl.

CoHpaii-aK eKiHIIl JXaFblHaH MbIHa KAWT Ta JKAKCHl Oenrim: erep $ni

Engy e s Eppy -oem TOYEIICI3 ke3neiicoK mamanap Tizeri 6oxnca, Fyj (x) = P(fn i< x),
Sy =&y + &zt B (x) = P(Sp < x), ®(x) — craHOapTTH HOpMAJ Kesneﬁch
IaMaHbIH YJIeCTipiM (yHKUMACEL, L(E,®) — F, xoHe ® ynecTipiM
OYHKIMATAPBIHBIH apachIHAATbl JleBH KaIIBIKTBIFBI (MeTanaf:LI) Gornca, OHAA
7111_1)1010 L(E,, ®) = 0 mapThl OILIT-HBIH OPBIHAATYHI YIIIH KaXeTTi KoHE JKETKUIIKTL

wapT 6o TabbUIAABL.



[3aeHymi o3iHi
¢a1<TiJIepJIi yecxepe ?Tﬁ;ifﬁf";‘:g:iﬁymlcmHna XKOFaphbIa affinmran 6em“in%
elyTe KOMIaHFaH, Maceren JIBIMM JKETeKIIinepi KOHFaH ecenTepai
1 1-Bomtutars” ¥CBIHBUIBIN OTBIPFAH AUCCEPTALMSIBIK KYMBICTBIH I
TapayBIHBIH  1.1-GeriMitne  cunarramansix byHKUMANAap  TepMHHAEpiHAE
TYKBIPBIMAAIIFAH  1UAPTTap aschiuna Gipkatap KimacCHKambIK emec LIEKTIK

zﬁzﬂgx Il@ilzgfe;;e}-[. T?g)b:{ Kapaii, aucceprauusuely 1.1-Geniminme JleBu

g, o o ®JIre XHHAKTalyblH KaMTaMachkl3 €TETiH JXOHe
TeEc§pyre OHaH aHa map.T?ap.LI TaObutraH, sirHu OILT-HBIH OpBIHAATYH! YIIiH
Keuﬁlp KaXeTTI maug KETKUIIKTI IIapTTap anbiHFaH. | TapaynblH COHFBI 6omiMiHze
y/IeCTIPIMACPIIH SJIC13 XMHAKTAYBIHBIH aHBIKTAMACHIH TiKeNei KOMAaHy apKbUIbI
Tarbl .61P KIaCCHKIBIK eMec OILT xone JIunpebepr—Pennepaiy KIacCHKaJbIK
LIEKTIK TEOPEMACBIHBIH XaHa 61p HYCKachl HoNeNeH e .

. ﬂHCCCPTaHHfIHbIH eKiHwi mapayvi (Ke3neicoK) mapabonanslK TEHIEynep
ymin Komm ece§1HiH IIEMIMAEPiHIH BIKTUMAIIBIKTHIK JKa3bUIGIMAApbIHA JKOHE
onapAblH  Ke#bip KONJaHbUTyNapplHa  (LIEIMHIH ~ BIKTUMQIJABIKTBIK — —
aCUMIITOTHKAJIBIK OETalbIChIH 3epTTey, NapaboaiblK TeHAeyIepAl OpTalaHIbIpy
cypaKTapblHa XoHe T.0.) apHaiFad.

Jlepbec TyBIHABLIBI MapaGonansik TeHneynep ymin Komwu ecebinin memryi
(6acTankpl TEHJIEyMEH OaiiIaHbICTHI) Ke31eHCoK TPOLECTEPAIH
GyHKUMOHANAAPBIHAH IIAPTThl MATEMATHKANBIK KyTiMaepi MeH OipieckeH
ynecTipiMaepiH Taby CypaKTapbIMeH THIFBI3 GailaHBICTBI €KeHi XaKChl Genriii.
Bipak Ta KepekTi (YHKUMOHAIIApABIH KaXeTTi yiecTipiMuepiH Tikenedl Taby
opKaIlaH MYMKiH 6o11a 6epMeiizi, COHIBIKTaH S/IeTTe OyJ1 KaXeTTi CuiiaTTaManap/sl
TaGyblH opTYpimi Tocimmepi Kommadblmamel. OcelHpail omicTepaid Oipi, on -
ougpepenyuandviy;, mendeynep 20ici NN aTalaThiH ofic: GYI oMic Ke3NeHCOK
NpoLECTEPAiH dPTYPIli (yHKIHOHANIAPBIHbIH GipneckeH yecTipiMaepiH Taby
ece6id  (ocel  (GYHKUHOHANAAPMEH OalinaHeICThI)  gepOec  TYBIHABUIBI
i depeHIHANIBIK TEHASYIEP/] LTy Maceecine KenTipeni.

Ocburaiila, AuccepTauusHbIH 2.1-6eniMinzae

u(t,x) = My [d)(Wt)efot glt-sWaWs , o Jy f(t—s,ws)ds]'

IapTTHI MaTEMATHKAJIBIK KYTiMi, MyH/IaFbI W,,t = 0 - Bunep nponeci, M,, — Bunep
nponeciniy 6acrankpl t =0  YaKpIT COTiH€ X HYKTECIHEH LIbIFaThIH 6apJ1f>n<
TpaeKTopHsiapbl ~ OOWBIHIIA ~ ANBIHFAH — LIAPTTEI _MaTeMaTHKaJIBIK KyTiM,
f(t,x), g(t,x)xone (x)- xannai 1a 61p KETKIMKTi Teric dyHKIHMANAp, Kenec
napaGonansik TeHaey ymin Komn ecebiniH wemiMi perinae Tabyra 60NaTHIHEI

nanenpenren (t = 0,x ER = (=00, +0) ):

dult, 19%u(t, x) ou(t, x) 1
“(T") R i [2 g2t %) + f(t, x)] u(t, %),
u(0,x) = O(x).



Aps1 Kapaii =

JIanJIacp Tl;p}jlelfq:u{p(;;gg - 1{ él?}: git' x) = g(x) GonarslH xxexe mgmaﬁnapua,
; PKBUIBI  ajlblHFaH  TeHAeyAi  wiemyni

K0d)QUUMEHTTePi TypakThl AubdepeHumanpk  Termeyi '
GOJIaTBIHBI  KepceTi : YAy TICINYES KenTipyme

s PCETLITCH. Anbigran HOTHXXEHIH KOJIAAHBLTYBl peTinae Bume
MPOLECIHIH KeHOIp HaKThb byHKUHOHAN (AP BHEIR YJecTipimMaepiin aiikeiH Type I:
TaGbUIBLI, ONIAPABIH KONAAHBLTY MYMKIiHIiKTepi TaIKbLIaHFaH. P
apmmﬁn;%elg:;giﬁﬁgﬂ Irllagzgzz;lbr;m 2.1-6eniM'i}u1e «aK my» THINTI TpoLece

. BETH K TeHzey yuiH Komu ece6i KapacTsIpbibim,
TeHIEYAIH IICIIIMHIK aCHMITOTUKANBIK HOPMANIBIFB! €Ki TOCUIMEH JoMeNIeH e :
TCHACYIH WICINMIH THICTI NPOLECTIH TPaeKTOPUSIApH! GOMBIHINA ANBIHFAH
IapTThI MaTeNf'aTHKaJIHK KYTIM TYpiHAeri *a3bUIBIMBIH naianany apKeUIBI )Ko9HE
TeHAEYMEH OallyIaHBICTBI aHBIKTANFaH KOFapFBbl IIEri aifHbIMaJIbl CTOXACTHKAJIBIK
MHTEIPATIBIH CTOXaCTHKANBIK AubdepeHUManblH Tikenell ecentey apKbuibl 11
TapayAbiH 2.2-0eriMiHze Kesneiicok napaGonabIK TeHaeyIepai OpTaJlaHABIPYABIH
KeHbip CypaKTapsl KapacThIPbLIFaH.

Hucceprauusnpiy 111 Tapaybl Ke3feicOK opTamapiarsl MarHuT epicrepi
TEOPHSACBIHBIH KeHOIp HaKThl MocesenepiHe apHaIFaH >XKoHE, aliTa KETy Kepek,
Ma3MyHBI MEH aJIbIHFaH HATHXXeJepl O0HBIHIIA AUCCEPTALMSHBIH HETi3Ti (OPTAIBIK)
Genimi men aiityra Gonansl.

CyHBIKTBIKTBIH OepiUIreH arbIHBIHAAFbl MarHMT OpICiHiH TacsIMajgaHy
npoLeci MPUHLIMIITI TYPAE TYCiHIKTI G0JIFaHbIMEH, TypOYJIEHTTi CYMBIKTBIK AFBIH/BI
cumaTTay Macejeci aca Kypaeni 6onateiael 6enrini. COHOBIKTaH 9IeTTe CYMBIKTBIH
KO3FaJIBICEIH MOJENBbAEYAIH opTypii amicrepiHe xyriHeni. ByraH neifiH MarHur
OpiCiHiH 3BOIOLMACH! CHIFBUIMANTBIH AFbIHHBIH OPTYPJi MOJIENbIEPiHAE, COHBIH
imiHAe XaHaJIaHaThIH CHI3BIKTHIK MOJEINb ACM aTajJaThIH , aKbIp asFbIHAA 3€pTTEMI
OTBIpFaH ecen KOeOeHTKITep CaHbl IIEKCi3 kebeie OepreH yakpITTa Toyelci3
Ke3feiicOK MaTpHLAIapAbIH KeOeHTiHiciH 3epTTey ecebiHe KenTipineTiH, Moaeni
YIIiH 3€pTTENIHIEH.

3. CyneiiMeHOBaHBIH AUCCEPTAUMSUIBIK JXyMbICHIHBIH III TapaybrHbig 3.1-
OenimiHze ’KaHaJIaHaTbIH CBI3BIKTBIK MOZENb MbIHA MarblHaga

KaJMbUIAHABIPEUIFaH: MarHUT OPICiHIH
O fey aF—(FV)A+(EV)F, VA=V=0, HOx=Hc) ®

dt =
Tergeyi ymin Ko eceGi MEmiMiHiH aCHMNTOTHKATBIK GeTabIChl V(t,x) =
C(b)x JKQJIIOB MapKOBTBIK CBI3BIKTHIK MOJeNiHne, MyH#arsl by, t 20,

kommakttel K, dimK = v = 3, pHMaHIbIK xemnobeifHecingeri x1, ..., x¥ JOKaJIIBIK
2V SV o dyidy
KoopauHaTTapAa METPHUKAJIBIK ¢opmacsl ds? = Yi_1 Xj=1 9ijdx'dx
KeJieMiHiH puMaH/bIK 3JIEMeHTI do = ,/detgdx  GonatelH 6p0yH1111>11<
KO3FaJIbIc, 3epTTeNinret. bs, s = 0, MpOLECIHIK HH(UHUTE3UMAJIB] OTIEPATOPEI ;A

~ Benprpamu—Jlaruiac onepaTopsl, Goyabl, MYH/IAFel
4

v

1 d

1= —z=D. 2| G (000e09) |
detg = 5=1 \9*




MarpHia C(')}K = SL(v,R), ymgaru  SL(v,R)- izzepi Heare TeH OonathiE
v XV emIeMIl KBAIPaT MATPHIATAPIKH CHISHIKTHIK KeHicTin, an  g;;(x), ¢;(x)
¢yaxmmsnapu C*(K) xiachBEnn QyEKmsIaps.

,Iluocepmnm;la. M&m@: HEIVKIHS TeHIESYl H (t,x)- THIH MApPROBTHIK
cuauxtl;m( MOZSNhIST] MENNMIH MyIbTHILTHRKATHBTIK CTOX2CTHRATLIK HHETEIPaFa,
SFHH EEG‘ = C(b;)G;, Gy = E (Sipaix MaTprna) XyiieciHiy memiMige, Tayendi
Kanial 7a OIp aliKelH QYHKUMSHHH HHTEIPATH PeTIHAS Xa3yfa OONaTHETEEH
JTCILICHTEH .

Jucceprammssuy 3.1- Geniminin merisri HoTmxeci -QepCTeHOSpr THOTEC

TCOPEMAHBIH, STHH
t

Ge=| [(E + C(bs)ds)

JL P
s=0

CTOX2CTHKILIK MYIbTHILTHKAaTHBTIK HHTEIPAThl YINH

y = lim [IllGeBoll/t] > 0 (2.2).

KataH oH JlsmyHoB KepceTKimnHiH (a.) Gap GomaTwHEE Janenieyi Oommm
TaObLaaTh.

Ocn TeopeMaHH Jaielqiey OApHCHHIA XEepPMaHISPTH e3releneHres
LTHITHRATEK—Iapa00IaThK JHQOSPSHIHAIILK ONSPaTopTap TeOPHSCHEEEH
HOTIDKJIEpl MaHLIZAH TYpAe NalilalaHRUTFaHRH alTa KeTy KepeK, COHAE-ax
isgeHymire xomzail OipRaTap KeMexmn (63 amINHA 13 ReKe FHUINIMA
KBISRFYIILUTHIKTAD TYABIPATHE) KYpAell MATeMaTHRATHR Ty REIPHIMIAPIN
Jamenaeyre Typa KeareH. MyNBTHILTHKATHBTIK CTOXSCTHRRIEIK HETSIpal Y=
nanennenred MepcTendepr THITEC TeopeMa Geurim OIp MaFRHANA YHEMOIY ISPIb
Ke3qedicOK MaTpHIaTapIsH Mepi ymjn aTMBEFaH  YKCac, XKeKe
XaFjaiinapia, MaCelleH TIYyelCl3 HEMece MapKoB Ti30eCiH KypaiiTeiH Ke3ASHCOK
MaTpHIATapAbIH KOOSHTIHZNepi YIIH, QIuEFaH Oerili HoTIXSNSPAIR
RANMBUIAHABPEUTYS OO TadBLTATHL. 3.1-GemiMHIH  KODAITRIETHCHETR,
nanenenred depcTeHGEPr THITEC TSOPEMAHE] KOI1AHa OTBIPHIN, MAHHT SPICIEIR
SKCIIOHSHIHATTH KeMyl XoHe TONBIK MArHHT SHCPIHACHHAE SKCIIOHCHITHANTH
ecyi Typaisl TeopeManap AAICIICHICH. o

JlaccepramusHeE 111 TapayhIHbE 3.2- GemiMi KHHEMATHKATRIK AHHAMOHBIR
(SFHH, KapacTHPLUIKI OTHIPFaH MOJETBE MarHHT OPICIHIH XHLLIaMIBIX opiciHe
JKoHe TeMIIepaTypara Kepi ocepi ecKepLIMEHTIH) JHCKPETTI MOASMA AT
XoHe 3epTTeyre, COHNali-axK p napamMeTpl (HH@)W rfwmw) OQMBIHII
TACKpETTi JHHAMO MoJIeTiH/e pasaibik KOry A Gap eKEHIH JANCIASYTE APHATAL.
Alita xeremix, p FaKepi 1/p mamacH MarBIHACK OOMLIHINA @nepa\:;fpaﬂb;
Girzipexi, SFHH P-HBIH Kimmi MSHICP! (@GICTBIK) XYHenepre, ai YIKSH MIHICP

‘ jier colixec Kenell- : .
«C)m%iﬁz‘??ammm epiCiHiH YaKBIT IIeH KeHICTIK OOMBIHIIA GIPTEKTI KSINSHCOK

KbUIIAMIBIK Opici ?(t,x) (t=0, x€ R3) Gap meKTp KM MIASMAHAR



TypOYJIEHTT] aFbIHbIMEH IeHepalHsIaHybl JKOHIHAETI MaHBI3[bl aCTPOMUINKAIBIK
macenie MakcBeiun Teraeynepine (1) kenripineai. JKsuigamasik epici V(t, X) KbICKa
yaKBITTBIK KOppeAlHsAnapra ue (TypOy/neHTTiK) He XoHe YII enmeMAl dasambik
keHicTIK R>-Ti alfHangpipynsin 03 opTOroHaNABIK TIpyNNAachlHa GaiNaHEICTEI
HHBApHAHTTBI JeT yHFapbUIaibl.

H(t, x) epiCiHiH x(t) ywiH croxacTHKaIBIK AU((EpeHIMANIbIK TeHaey
TepMHHiIHAE JXoHE V() moTeHuManbiHpiH Xx(t) GOMBIMEH MyJBTHILUIMKATHBTI
MaTPUUANBIK MHTEIajibl apKbUIb JKa3bUIBIMEI H epicinin exinmi momenri:
my(t,x) =< (H(t,x),H(t,x)) >, MyHRarbl OypBINTHIK OKaKmWamap <> -
XBUIIAMABIK  epici V(e X)- TiH ynectipiMi GOHMBIHINA HHTErpaifaympl
(opTanaHabIpyab!) 6ingipeni, ymin Teraey anryra MyMKiHIIK Geperi.

H30TponTs! oHe yaKpIT GoiibIHIIa & — KOppesLMsIaHFaH V(t, X) epicinze
m,(t,x) YWiH TeHmeynaep TONBIK aCHMNTOTHKAIBIK TajAay )KacayFa MYMKiHAIK
6epelii KoHE Vp, (MarHUTTIK TYTKBIPJIBIK) MapaMeTpi GoMbIHIIA (a3asbiK KeuIyai
KepceTezi:

gi_’rgrl[ln < (H(t,x),H(t,x)) >] =y,(vp) =0
weri 6ap 60naTHIHEI A9JIENIEHTeH;

Y2(V) >0, Vi <Ver 3 Y2(Wi) =0, Vi = Vs GONATBIH Vg KPUTHKAJIBIK
MoHI TaObUIaBI.

Apsi Kapaii, (1) eceGi AUCKPETTi MOJEbAE 3€PTTENIIHIEH.

Juckpemmi modenvdiyy cunammamacvi. MonensiH ¢a3alblK KEHICTIr
(t,x),t € Z, ={0,1,2,..},x € Z* nyxrenepinet xoHe (s,x) nex (s — 1,x"), |x —
x'| € 1 HykTenepiH KocaTblH KabbIpranapaaH Typasl. Ocel rpad)Ta yaKpIThl eCredi

XoHE 6Ty BIKTMMAJIJbIKTaphl Opuiaiima
!

1—2p, X =%
P{x(t+1)>x'/x(t) =x}=4 P
6’
aHBIKTAIATHIH X (t)-H CHMMETPHUSIBI KE3YiH aHbIKTayFa 60onaibl.

JlarpamxaplK TpaeKTopHsiap keneci Typae Gepineni: §(s) = x + x(t —s),
s>0, sran §(t) =x, §(t—1) =x+x(t),... (yakelT GarblThl ©3TePTUIrEH).
A((s,y), (s — 1, ¥)) MarHuTTIK oTeHMaNb! rpad Ty (5, y) HykTecinen (s — 1,7)
ly-y'1<1, GarbITTANFAaH  KbIPIAapblHAA aHBIKTaIFad. 3 X 3 emmeMai
A((S: y),(s—1,y ')) MaTpuLalaphbl 9PTYPJIi KeIpJap YIUiH TOYeNci3 XoHe apHaibl
A[(s, y5), (s = 1,¥5-1)] = 01A0[(s,¥5), (s = 1,¥5-4)] Typinpe Gepinren nen
yitrapsutagpl, MyHzarbl oproronan Oy, O Matpuuanapsl R3 xenicririnig 03
OPTOroHAIABI alHAIABIPY rPYNIachIHAA GipKaJIBINTEI YIECTIpiNreH, 63apa TAYeICI3

1
XoHEe A= diag{(a,‘/—%,ﬁ) [(s,¥5),(s —1,ys-1)]} Amuaronanmel MaTpHLACBIHAH
Toyencis, Co = a(*) =1 rpad KblprapblHia aHBIKTanFaH Oipnew yJecTipiireH
Ke3[enCcoK 1mamManap. ' .
Tpadrois (t,x) Hykreciner eH conrsl (0,y) HykTeciHe xeTkiseTiH opbip
NarpaHKIbIK TPaeKTOPHS § (+), YIiH KeJeci 6pHeK aHBIKTaJIFaH:
ﬁg(t, x) = A[(t, x0), (t = Lx)][(t — 1,x1), (t — 2,x)] *

|lx —x'| = 1.



- "l x), (0%, = )]H, ).
Mysna § = (xo, %y, ...,y ) — Jlarpanx tpaextopusicsl, Hy(y, w) - 6acranksl

gal‘}m’;ieplm- §C) TPaCKTOPHSACHIHBIH BIKTHMANABIFBI MBIHA (HOPMYJIa apKBUIBI
eplenl:

P(§) =1 —p)no (%)nl, MyHama ng(§) = canmpi{s: x; = x,_4}, ny(¢) =
caHbI{s: |x; = x5_,| = 1)}.

EH COHbIHZa, eHri3inren Mogensin ToNbIK MarHHUT opici ywmin

H(t,x) = Z Z P({)ﬁf(t,x)
. Y€Z3 §:(t.x)~(0,)
@pHET] allbIHFaH.
Conrsl Gopmynansr H(t, X) MarHur epiciHix

H(t,x) = (1~ P)A((t,x), (t —1,x))H(t —1,%) +
+ (%) Z A(tx), (t—1,x))H( - 1,x")

x'z | xl=xl=1
(afBIpBIMABIK ) mapabonaibik TeHaey apKeuisl 6epinren Kau— deiftHMaH Typinzeri
Xa3bUIbIMBI €Nl TYCiHyre 6osampl.
H(t,x) epiciniH 6GepinreH jaspUIBIMBIH MaiifianaHa OTHIPhIN, JIAmyHOB
KOpPCeTKIIITepi 3epTTeNi:

— — P
MOMEHTTIK  KepceTKiTep ¥z, = (2p) ' lim[In ((H (t:x); H(E; x)) )Y/
t—oo

tl, p= 1.2,..,
TaHZaMaJIbIK KepceTKim 7 = tll)n; 27 In < (H(t,x),H(t,x)) >/t].

Y2p 20, ¥ = 0 GonaTbIH CKaJAPIBI XKaFaaiAareInai emec, Oy xarmanaa,
MaKCHMyM NPUHLMITIHIH dcepi 60HBIHIIA, KOPCETKIIITEp Tepic MOH KaObLinaysl Ja
MYMKiH 60JIaThIH/BIFbI aTal OTUITeH.

BipHeme anaplH ana HOTWXKeNEpAi MaijanaHa OTHIPBIN, HETi3ri HOTHXE —
depcTeHbepr THITEC TEOPEMa AJIENEHA.

Teopema. AHTainblK, Ay, ...,Ap, ... - )XOFaphla €Hri3iNreH Toyenci3 GipaeH
yaecTipinres Matpuuanap, €, 6ipiik Bektop Goncen. Onpa

In|A, .- Apeg | 1 1— A2
7 = lim 14, ”°|=(51n(a2,12+ = ))>o.

n—o n
Mynna A~unif ([—1,1]), a — xorapsiga eHrisiiren A —1an Toyencis ke3feicox
mama.

JIAMyHOBTBIH JKOFAapFBl PETTI MOMEHTTIK KepCeTKiluTepiH ecemnrey OoinraH
xarmaiima ZP, p =1, peri xen Gemmekti LllpexuHrep TeHAeyNepiH IIemryre
KEJNTipiireH.

Yorapsia aiTEUIFAaHAAP/IB! KOPBITBIHABLIAH Kelle, IMCCePTalHsIIBIK JKYMBIC
TONBIK AasfKTaIFaH eHOexk Oobllm TabbLIafBl, OHBIH Ma3MYHBI [UCCepTalMs
TaKbIPHIGHIH TONBIK KOJeMIe KaMThIFaH Jen alTta anamblH. JlMCCepTaUHsIbIK
KYMBICTa KapacTBIPBUIFaH €CenTep XKaHa JKoHe e3eKkTi ecenrep. JuccepTalUANIBIK
JKYMBICTBI OpbIHIAY GapbIChIH/a AOKTOPAHT MaTeMAaTHKAILIK alNapaTThl XOFapbl



neﬂl"e"ﬂe MEHIEPIeHiH KOpCeTTi, rhimmvu nepbecTiK TaHBITTEI, 3epT'reyIllH op
xe3eHiHE JKayalKeplTiKnen Kaparn, TaGaHAbUIBIK TIeH FBUIBIMH TOPTINl KOPCETTI.
JuccepTalilia TYXBIPHIMAANFaH HoTHKelep MaTeMaTHKaNbIK TYPFbLAAH KaTaH
ngneJUICHI"CH.

Ocsu1anina, KOMBUIFAH Maceneniy ©3eKTiJIiri, OpslHAATy AEHreMi, FhUIBIMH
’KaHAJIBIFBI XKOHE 3EPTTEY HOTHXKemnepiHiy NIPAKTHKABIK MaHBI3/BLIbIFbI OoitbIHIIA
yCHIHBUIFaH AUCCEPTALMANBIK Xymeic PhD pmeHreifinmeri FoIIBIMH-OiTKTITIK
3epTTeYJIEPIHE  KOMBIIATBIH  Gapbik TajanTapra cail kenemdi, ©3iHe TOH
TYHH¥CKaJU>I*'bl XOHE  KoNjaHOanbl MaHBI3ABUIBIFBI Gap eneyni FBUIBIMH
HOTIOKENEPAl KAMTHIBI, all OHBIY aBTopsl — CyneiimenoBa 3os H3arteneyoBHa

MaTeMaTHKa  MaMaHAbBIFBl  OoMbiHIna Qumocopus moktopsl (PhD) FhUIBIMHU
popexecin bepyre a6xeH naiibik.

3. CyaeiimeHoBaHbIN Illerennik FoinbiMu kenecuici
Ilapnorranarbl Contycrik Kaponuna

yHuBepcHTeTiHiH (AKILI)
MaTeMaTHKa XSHE CTaTHCTHKA

xadenpaceIHBIH MPodeccopsl, AOKTOP
AMS kypmetTi Myuueci

Craunciaas MosiuanoB /konwi/
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